We consider the model of modified gravity with dynamical torsion. This model was previously found to have promising stability properties about various backgrounds. Here we study the stability of linear perturbations about the self-accelerating solution. We apply the (3 + 1)-decomposition and consider the scalar sector of perturbations. We find that the number of degrees of freedom is equal to 2, which is the same as in Minkowski background. However, there is at least one instability in the scalar sector, if the value of background torsion is large enough. This does not rule out the possibility of stable self-acceleration with torsion of the order of the effective cosmological constant.
Introduction
Cosmological observations show that the expansion of our Universe is accelerating. The mechanism of acceleration is, however, not understood. One way of solving the acceleration problem is the IR-modification of gravity.
Many IR-modified gravitational theories have been proposed, see reviews [1] [2] [3] [4] [5] [6] . However, the self-accelerating solutions are often unstable because of the ghost and/or gradient instabilities in the spectrum of the linearized perturbations.
We focus here on gravities with dynamical torsion, which are promising candidates for the consistent infrared modified gravity. Gravity with dynamical torsion is a natural generalization of General Relativity which treats the connection and vierbein as independent dynamical variables. The torsion is capable of propagating due to the terms in the Lagrangian quadratic in torsion and curvature. These theories are often considered in the framework of Poincaré gauge gravities [7] [8] [9] [10] .
The spectrum of linearized perturbations in gravities with dynamical torsion contains additional degrees of freedom as compared to General Relativity. Not all theories from this class are stable about Minkowski background at the linearized level. The stability about Minkowski background was thoroughly investigated in Refs. [11] [12] [13] [14] where stable models were identified.
The Model
We make use of the tetrad formalism and consider vierbein and connection as independent fields. Following the notations of Refs. [24, [30] [31] [32] , we denote the vierbein by e i µ and connection by A ijµ = −A jiµ , where µ = (0, 1, 2, 3) is the space-time index, and i, j = (0, 1, 2, 3) are the tangent space indices. In tangent space basis the indices are raised and lowered using the Minkowski metric η ij , so we do not distinguish upper and lower tangent space indices in what follows, if this does not lead to an ambiguity. The signature of metric is (−, +, +, +).
The action of the model is
where α,α, c 3 , c 4 , c 5 , c 6 are coupling constants, e ≡ det(e i µ ); F ijkl is the curvature tensor constructed with the connection A ijµ ,
ǫ ijkl is the Levi-Civita symbol defined in such a way that ǫ 0123 = −ǫ 0123 = 1; R ijkl is the Riemannian curvature tensor, R ijkl = e µ k e ν l (∂ µ ω ijν − ∂ ν ω ijµ + ω imµ ω mjν − ω jmµ ω miν ) ;
where ω ijµ is the Riemannian spin-connection. It is expressed in terms of the vierbein as follows: The connection A ijµ can be represented as a sum
where K ijµ is the contorsion tensor.
We impose the following conditions on the couplings:
α < 0,α > 0, c 5 < 0, c 6 > 0 .
The reason for imposing the condition (2) will become clear in Sec. 6, while the conditions (3) and (4) ensure that there are only healthy degrees of freedom in the Minkowski background [11-14, 30, 31] . It was shown in Ref. [31] that the strength of the gravitational interaction between the energy-momentum tensors is govered by the parameters α andα. We assume that |α| ∼α, and hence |α| ∼α ∼ M 2 P l .
In Ref. [32] it was found that there are three propagating modes at the linearized level in the Minkowski background: the massless spin-2 mode, the massive spin-2 mode with mass
and the massive spin-0 mode with mass
There are no ghosts or tachyons in the Minkowski background. It was also shown that in the theory equipped with the cosmological constant, the perturbations are healthy in maximally symmetric backgrounds, as well as in torsionless Einstein backgrounds of sufficiently small curvature.
There are two sets of field equations in our model. One consists of the gravitational field equations obtained by varying the action with respect to vierbein,
where
is the part in the Lagrangian which is bilinear in F ijkl . Another set of equations is obtained by varying the action with respect to the connection A ijµ ,
where P ij and P are defined as follows:
S ijk is defined as follows:
and H ijk is written in terms of contorsion:
The emergence of this object is clarified in Appendix A. Note that because of invariance of the action under space-time gauge transformations and infinitesimal local Lorentz transformations, not all of the field equations are independent.
In Ref. [31] it was shown that the model (1) admits a self-accelerating cosmological solution with spatially flat metric,
with time-independent λ, f and g, where a,ã = (1, 2, 3), tilde denotes tangent space indices, and space-time indices do not have tilde. The parameters λ, f , g and α,α, c 5 , c 6 are related as follows,
In this paper we consider the case of small λ and large enough f ,
where A is the initial amplitude of perturbation, see Sec. 6. In this case, the small value of the effective cosmological constant λ is obtained provided that there is a hierarchy between the dimensionless couplings: to the leading order in λ
In the small-λ limit the parameters f , g and λ are related to the couplings as follows:
Note that eq. (14) implies that the overall scale |α| enters the action (1) as a pre-factor. This implies that the equations for perturbations, written in terms of f , g and λ, involve the ratioα/α and notα and α themselves. The same property holds for dispersion relations.
Generalized Bianchi Identities
Let us obtain the identities relating field equations with each other. The reasoning is similar to that used for deriving the Bianchi identities in General Relativity. The first identity follows from the invariance under space-time gauge transformations. Making an infinitesimal gauge transformation, x ′µ = x µ + ξ µ , we find the variations of e i µ and A ijµ :
where ∇ µ is the covariant derivative involving the Christoffel symbols,
Varying the action with respect to e i µ and A ijµ of the form (15) , (16) we find, after integrating by parts, the following identity:
(see eqs. (8) and (9) for definition ofĜ ij andT ijk ). The left hand side of eq. (17) contains one free index µ. Another two identities come from the local Lorentz invariance. The model discussed is a gauge theory with Lorentz group as a gauge group. The variations of e i µ and A ijµ under the infinitesimal Lorentz transformation are
where ω ij = −ω ji are the parameters of transformation. The invariance of the action under this transformation gives another identity,
The left hand side of eq. (20) contains two free indices, i and j, and is antisymmetric in them.
As a result, we have two sets of generalized Bianchi identities, which relate the field equations (8) and (9) with each other.
Extracting Conformal Factor from Vierbein
The purpose of this paper is to study small perturbations about self-accelerating background (11) . To this end, we define conformal time,
We work with conformal time in what follows and denote by prime the derivative with respect to it. At this point it is convenient to change the notation. We denote the vierbein of the original theory byê i µ and then write,
Note that φ ′ = λe φ .
We do not make any scaling of connection, and keep the notation A ijµ unchanged. Upon the conformal transformation (21), the background (11) is written in terms of e i µ and A ijµ as follows::
Now, R ij and R transform under the conformal transformation (21) as follows: 
A simple way to obtain the new version of the torsion equation is to plug the vierbein (21) into the action, and vary with respect to A ijµ . Then the torsion equation is
where ∆
5 Perturbations about Self-accelerating Solution: 3+1 Decomposition
To study the linear perturbations about the self-accelerating background (23) , it is convenient to make the 3-dimensional Fourier decomposition. We use the same notation for the Fouriertransformed variables and replace spatial derivatives ∂ã ≡ e μ a ∂ µ with ikã, where k is the 3-dimensional momentum. Since the background (23) is invariant under spatial rotations, it is natural to use (3 + 1)-decomposition of perturbations. As usual, this means that we decompose any 3-dimensional tensor into its irreducible components with respect to the small group SO(2) of rotations around the spatial momentum. These irreducible components form sectors with particular helicities: scalar sector (helicity-0), vector sector (helicity-1) and tensor sector (helicity-2). Since the field equations are linear, these sectors can be considered separately.
After conformal transformation, the background vierbein in (23) is trivial, so we do not distinguish space-time and Lorentz indices in (3 + 1)-decomposition of perturbations. These indices are raised and lowered with Minkowski metric, while spatial indices are contracted with Euclidean metric.
Perturbation of connection
The full contorsion tensor can be written as follows,
is the background quantity constructed from (23) and k ijk is the first-order perturbation. Let us decompose the first order contorsion tensor k ijk into its helicity components.
Tensor k ijk = −k jik contains helicity 0, 1, 2 components only. The helicity-2 components form the tensor sector:
where τ ab and N ab are symmetric, transverse and traceless. All other components of k ijk vanish in the tensor sector.
The non-vanishing helicity-1 components of contorsion are
All 3-vectors here are transverse. The helicity-0 components form the scalar sector:
There are altogether 24 components of tensor k ijk . They break up into the 4 tensor components (two components in each of τ ab and N ab ), 12 components in the vector sector (two components in each of the six transverse vectors ζ a , ν a , µ a , κ a , α a and L a ) and 8 scalar components (ξ, χ, σ, ρ, θ, Q, u and M).
Perturbations of vierbein: gauge choice
After conformal transformation for the vierbein (21) we have
where ǫ i µ is the first-order quantity. Since the contraction of e i µ should give the Minkowski metric,
e iµ e µ j = η ij , one has the following expression for e µ j ,
It is worth noting that the local Lorentz invariance described in Sec. 3 can be used to make ǫ iν symmetric: the local Lorentz transformation (18) 
and the metric perturbation is
Furthermore, the space-time gauge invariance can be used to choose the gauge e 0a = 0 and conformal Newtonian gauge. In this gauge, the vierbein perturbations are decomposed into helicity components as follows:
where W a is a transverse vector (vector sector), π ab is a transverse traceless tensor (tensor sector), while Φ and Ψ belong to the scalar sector.
After gauge fixing, there are altogether 6 components of tensor ǫ ij : 2 tensor components in transverse traceless π ab , 2 components in vector sector coming from the transverse vector W a and 2 scalar components Φ and Ψ.
Scalar Sector
Our purpose is to study whether the theory exhibits the Boulware-Deser phenomenon and/or other instabilities in self-accelerating background. The known examples show that possible problems occur in the scalar sector of perturbations. Therefore, in this paper we study the scalar sector.
The expressions entering the linearized field equations and manipulations with these equations are cumbersome. We have designed a computer code to check the analytical part of the procedure and complete the manipulations. The code is available at [37].
Field equations
The explicit expressions for the quantities F ijkl , P ij , S ijk , etc., that enter the linearized field equations (24), (25) are given in Appendix B. They are used to derive the independent linearized equations in the scalar sector. It is convenient to introduce the notation
where φ(η) is defined in (22) . We begin with eq. (24) . It has two free indices, i and j. The general form of the scalar part of its left hand side is
where G (00) , ..., G (ǫk) are scalar functions. Their explicit forms are given in eqs. (c1) -(c6) of Appendix C, where the relation (3) is used. Equation (25) has three free indices, i, j, k, and is antisymmetric in i, j. It breaks up into the components (0a0), (ab0), (0ab) and (abc). In terms of scalar functions one has
To write this decomposition, the following identity is instrumental, 
The use of generalized Bianchi identities
Due to the generalized Bianchi identities, not all of the field equations are independent. To see which equations may be safely ignored, let us write the generalized Bianchi identities in (3 + 1)-decomposition. The identity (17) gives two non-trivial identities for µ = 0 and for µ = a, the latter being proportional to k a . The identity (20) gives two other identities, one for (i, j) = (0, a) and another for (i, j) = (a, b), which are proportional to k a and ǫ abc k c , respectively.
Recall that we have made the conformal transformation (21), while Bianchi identities (17), (20) are written before the conformal transformation. In particular,Ĝ ij andT ij in (17), (20) are the left hand sides of the general equations (8) and (9), while we are working with equations (24), (25) which we have derived after extracting the conformal factor.
After conformal transformation we get the identity (17) with µ = 0:
and with µ = a (which is proportional to k a ):
The identity (20) breaks up into 2 scalar identities: with i = a, j = 0 (which is proportional to k a ):
and with i = a, j = b (which is proportional to ǫ abc k c ):
Here G (...) and T (...) are the left hand sides of the field equations, as defined in (28) and (29), and their explicit forms are given in eqs. (c1) -(c14). We continue to use the notation (27) .
Thus, we have 4 scalar identities. The system (30)-(33) can be used to express G (δ) , T (k⊗k) , T (δ⊗k) and T (ǫ) (eqs. (c5), (c9), (c13) and (c14), respectively) in terms of other components. Therefore, eqs. (c5), (c9), (c13) and (c14) (which are second order) can be ignored.
Number of propagating modes
In Minkowski background, the scalar sector has two propagating modes. One of them is the Lorentz scalar of mass (7), and another is helicity-0 part of the spin-2 excitation of mass (6) . The purpose of this Section is to show that the scalar sector about the self-accelerating solution (11) also has two modes. Thus, the Bouleware-Deser phenomenon does not occur.
In this paper we do not consider a special case c 3 = c 4 , i.e. we impose the condition (2), which implies
We will see in due course that the case c 3 = c 4 = − c 5 is special and requires separate treatment which we do not attempt in this paper.
Let us study the system of 10 equations: (c1) -(c4), (c6) -(c8), (c10) -(c12). Two of these equations, (c10) and (c11), are second order. However, we can replace them by first order equations. To this end, we combine T (δ) , eq. (c10) and T (ǫk) , eq. (c11) with remaining equations and their time derivatives in the following way:
and
These are first order equations. Their explicit forms are given in Appendix D, eqs. (d1), (d2). Therefore, at this stage we have 10 first order equations, (c1) -(c4), (c6) -(c8), (c12), (d1), (d2), for 10 variables describing scalar perturbations. The variables in the resulting system of equations are of two types. The variables of the first group, σ , Φ , ξ , θ ,
enter these equations without time derivatives. The variables of the second group,
enter with first time derivatives.
Remarkably, two linear combinations of the 10 equations are actually algebraic and involve only the variables (38). One of these combinations is
Note that due to the condition (34), the second term in eq. (39) does not vanish. The combination (2c 3 + 3c 5 ) will appear repeatedly in formulas that follow. Thus, the case c 3 = c 4 = − 
where (40) to express 2 variables from the set (38) (M and ρ) in terms of four remaining variables from this set (Ψ, χ, Q, u); importantly, these expressions for M and ρ are algebraic, i.e. they do not involve their derivatives. 4 of these remaining 8 equations are used to express σ, Φ, ξ, θ (the variables that enter the whole set of equations without time derivatives) in terms of Ψ, χ, Q, u and their first time derivatives. There remain 4 first order equations for the 4 variables (Ψ, χ, Q, u). Thus, we have 2 degrees of freedom, the same number as in the Minkowski background. We conclude that the self-accelerating background does not exhibit the Boulware-Deser phenomenon. In practice, it is convenient to express σ, ξ, Φ, θ from eqs. (c3), (c4), (c7) and (c8), respectively, and substitute these into equations
and the following linear combinations of the field equations:
(c2) denotes the left hand side of eq. (c2), etc. After that we express M, ρ, M ′ and ρ ′ from the algebraic equations (39), (40) and their time derivatives, and substitute these in equations
. Thus, our linearized system reduces to the four first order equations E (1) , E (2) , E (3) , E (4) written in terms of variables Ψ, χ, Q, U.
Limit of small Λ
Let us now consider the limit of small λ and not so small f , eq. (13) . In this case the parameters c 5 and c 6 scale with λ as given by (14) . We also assume that |c 3 | ∼ |c 4 | ∼ |c 5 |, see (4) . The relations between g, c 5 , c 6 and Λ, f, β,β have the same form as in eq. (12), with the substitution
In what follows we make use of these relations, and write equations in terms of (timedependent) parameters are Λ, f, β,β. It is worth noting that we will encounter cancellations, so the leading order expressions (14) are not always sufficient. The higher order expressions are obtained by making use of the code [37]. Now, consider the limit in which Λ is the smallest parameter of the problem. For small Λ, parameters f, g, Λ, β,β have slow dependence on time. We seek for solutions in the WKB form F ∼ e i ωdη , where F is any of the variables Ψ, χ, Q, u, and
Then the time derivative is replaced by
In this way we obtain the system of 4 linear homogeneous algebraic equations (41), (42) for Ψ, χ, Q, u, which determine the dispersion relations ω i = ω i (k), i = 1, . . . , 4. Equating the determinant of the system to zero we get a fourth order equation for ω. To see that there are exponentially growing modes, we consider two ranges of momenta,
Note that k is conformal momentum, while Λ and f are conformally related to the physical parameters of the solution. Equation (44), written in physical terms, is
and similarly for (45).
We are going to see that in the range (44) there are instabilities
while in range (45) there are instabilities
We first consider the case (45). The fourth order equation for ω (obtained by equating the determinant to zero), to the leading order in Λ, is:
This expression is obtained by making use of the code [37] and accounts for cancellations between dominant terms in Λ. Equation (46) is fourth order in ω, so there are formally 4 roots. Some of these roots may not obey ω ≫ Λ, which is our original assumption, see (43).
Our approach is to find all 4 roots of eq. (46) and then figure out the roots obeying ω ≫ Λ.
In this way we gain confidence that no relevant solutions to eq. (46) are lost. To this end, we consider limiting cases.
• ω ≪ Λ. Then all the terms containing ω are small and eq. (46) is simply:
Equation (47) does not involve ω, so there are no roots.
• ω ∼ Λ. In this case eq. (46) becomes quadratic,
and has two roots:
These roots, however, do not obey ω ≫ Λ and thus are irrelevant.
•
. Then ωΛ ≪ f 2 and
In eq. (46), only the third term survives, and we have simply
There are no roots.
. In this case terms proportional to ωΛ and Λ 2 are much smaller than others, and eq. (46) has the following form:
Equation (48) has two roots:
. In this case terms with ω are much larger than others. Eq. (46) is:
It has no roots.
We see that "frequency" (49), and also (50) in a certain range of k 2 , are of order
They are pure imaginary and correspond to instabilities. Now let us consider the case k 2 ≪ Λf, eq. (44). To the leading order in Λ, the fourth order equation for the determinant is as follows,
Let us again consider limiting cases.
• ω Λ. In this case the term of zeroth order in ω is the largest, and eq. (51) is simply
So, there are no roots.
. In this case terms with ω 2 and ω 0 are much larger than others, and eq. (51) is:
There are two roots,
. Then only the first and third terms in eq. (51) survive, and we have
This equation has 2 roots:
. Then the first term in eq. (51) is the largest, and we have
The frequencies ω 5 and ω 7 correspond to the instabilities. This completes our analysis of momenta (44), (45). The instabilities ω 3 , ω 4 and ω 7 do not necessarily kill the model. They can be sent beyond a UV cutoff necessarily present in the model by imposing the condition
where M U V is the cutoff scale.
On the other hand, one cannot get rid of the instability ω 5 . Indeed, we study background (23), thus we have to assume that f ≪ M U V . This means, taking into account the second inequality of (43), that
Thus, we cannot push it beyond the UV-cutoff. Furthermore, for low enough k (but still k ≫ Λ), the time scale of instability is short. Indeed, the case we consider in this paper is
where A is the initial amplitude of perturbation. In this case, the exponential growth of perturbation makes it large (and non-linear) in the Hubble time.
The analysis given in this Section shows that the self-accelerating solution (23) , under assumption (53), is unstable because of the exponentially growing mode (52).
Discussion
Let us summarize the results. We studied the stability of the self-accelerating solution (11) of the model (1) at the linearized level under assumptions (2) -(4). We made (3 + 1)-decomposition of small perturbations and considered the scalar sector. We found that the number of degrees of freedom in the scalar sector is the same as in Minkowski background, i.e. there are no Bouleware-Deser modes. We further studied the spectrum of perturbations under assumptions (5) and (13) and found the exponentially growing modes
The first instability can be pushed beyond the UV cutoff and thus is not fatal, whereas the second one cannot be sent beyond the UV cutoff and makes this solution unstable. There remains a possibility that the self-accelerating solution is healthy for small f ∼ λ. Indeed, taken at face value, the results (54) suggest that in that case all instabilities may be slow,
We emphasize, however, that our analysis is not valid for f ∼ λ, so this case needs a separate study. Note that in this case one has g ∼ λ, according to the third of eq. (12), so the entire background torsion is small. The small-f regime can be achieved provided that couplings c 5 , c 6 are of order
We plan to turn to this case in future. Finally, in this paper we considered the case c 3 = c 4 , see (2) . As can be seen from eq. (39) and subsequent equations, our analysis does not apply if the condition (2) is violated, i.e. In that case the dynamics of small perturbations can be significantly different.
Appendix A
The object H ijk emerges as follows. When varying the action with respect to A ijµ one makes use of the expression δF ijkl = e 
etc. In this way one obtains Eq. (9).
Appendix B
Linearized Riemannian connection for symmetric ǫ ij reads (after conformal transformation):
and therefore we have in the scalar sector
The linearized Ricci tensor reads
and the Ricci scalar is
The additional term in eq. (24) that emerges due to conformal transformation, to the linear order in perturbations, breaks up into three components,
Similarly, we have additional terms in eq. (25):
Since the field equations involve terms quadratic in F ijkl , we keep both background parts and terms linear in perturbations. We proceed with F ijkl . The explicit calculation gives:
The linearized F ij reads:
This expressions determine also the tensor P ij = c 3 F ij + c 4 F ji . The scalars F and ǫ · F are
The scalar P is simply P = −3c 5 F . The linearized covariant derivatives D i P ik read (ab0)-component: 
These equations are obviously first order.
